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Abstract: In this paper we study the ghost-free bimetric action extended by a recently
proposed coupling to matter through a composite metric. The equations of motion for this
theory are derived using a method which avoids varying the square-root matrix that appears
in the matter coupling. We make an ansatz for which the metrics are proportional to each
other and find that it can solve the equations provided that one parameter in the action is
fixed. In this case, the proportional metrics as well as the effective metric that couples to
matter solve Einstein’s equations of general relativity including a matter source. Around
these backgrounds we derive the quadratic action for perturbations and diagonalize it into
generalized mass eigenstates. It turns out that matter only interacts with the massless spin-2
mode whose equation of motion has exactly the form of the linearized Einstein equations,
while the field with Fierz-Pauli mass term is completely decoupled. Hence, bimetric theory,
with one parameter fixed such that proportional solutions exist, is degenerate with general
relativity up to linear order around these backgrounds.
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1 Introduction and summary of results
Ghost-free bimetric theory describes nonlinear interactions between a massive and a massless
spin-2 field at the classical level. It emerged from a model for nonlinear massive gravity with
flat reference metric which was developed in [1, 2], where it was also shown that the model is
ghost free in some special cases. A full proof of absence of ghost was first given in [3]. The
formulation of massive gravity in a general reference frame [4] and the absence of ghost in
this version of the theory [5, 6] suggested the possibility to give dynamics to the reference
metric and thereby introduce the first consistent, fully dynamical bimetric theory [6, 7].
This particular family of massive gravity and bimetric theories generalizes linear Fierz-Pauli
theory [8] and constitutes an exception to generic models for nonlinear spin-2 interactions
which contain the Boulware-Deser ghost instability [9, 10]. Before the ghost-free formulation
was known, interacting spin-2 fields had already been studied in great detail, see [11–20] for
some examples. For a recent review on the ghost-free theories we refer the reader to [21].
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Bimetric theory is formulated in terms of two dynamical rank-2 tensors gµν and fµν whose
kinetic terms have the usual Einstein-Hilbert structure. The bimetric action furthermore
contains a nonlinear interaction potential for the two metrics whose structure is constrained
by requiring the absence of the Boulware-Deser ghost. Around backgrounds on which the
metrics are proportional to each other, the spectrum of spin-2 perturbations is diagonalizable
into mass eigenstates and it consists of a massless and a massive spin-2 field that mix with
each other at the nonlinear level [22].
An important question to address in this type of theories is how to couple the two
metrics to the matter sector which, for example, could represent the Standard Model. The
requirement of avoiding the Boulware-Deser ghost reduces the number of possibilities for such
couplings, which should not come as a surprise since it was already the case for the interactions
among the spin-2 fields. Although it is possible for the two metrics gµν and fµν to interact with
two different types of matter, the ghost instability generically reappears when both metrics
are coupled to the same matter source [23, 24]. Some of the interesting conceptual and
phenomenological issues of doubly coupled bimetric theory have been addressed in [25, 26].
An exception to the generically inconsistent double coupling is a particular combination of
gµν and fµν into an “effective” metric Gµν which enters the matter Lagrangian. Although
the full theory does not contain the constraint that removes the Boulware-Deser ghost, it has
been shown in [24, 27] that the terms that excite the ghost are suppressed by a mass scale
that is higher than the strong-coupling scale of the theory. This implies that the theory can
still be treated as a consistent effective field theory with a cut-off below which the ghost is
not excited.
The matter coupling of the effective metric opens up new possibilities for the phenomenol-
ogy of bimetric theory. Unfortunately, a difficulty arises when one tries to compute the equa-
tions of motion for this theory because the particular form of the effective metric complicates
the variation of the action with respect to the metrics gµν and fµν . This is problematic be-
cause the knowledge of classical solutions to the equations of motion is indispensable for all
phenomenological applications.
In this work, we study bimetric theory including the matter coupling of the effective
metric in more detail. Our results are summarized below.
• After employing a trick that allows us to remove the problematic terms in the mat-
ter coupling, the variation of the action becomes straightforward. Our result for the
equations of motion can be used for deriving all types of classical solutions in the full
bimetric theory including matter.
• We derive the proportional background solutions, fµν = c2gµν with constant c, in the
presence of matter. These solutions are Einstein metrics which, in the absence of the
matter source, reduce to the known maximally symmetric backgrounds of bimetric
theory in vacuum. In contrast to the pure bimetric case, their existence requires fixing
one parameter of the theory.
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• The spectrum of perturbations for the metrics around the proportional backgrounds
is computed and we define mass eigenstates by comparing their equations to those of
linearized general relativity in the presence of matter. These mass eigenstates are found
to be the same as in bimetric theory in vacuum and we derive the quadratic action for
the massless and the massive spin-2 mode along with the corresponding linear equations.
• The remarkable and unexpected outcome of the analysis of perturbations is that the
effective metric that couples to matter always corresponds to the massless fluctuation
around proportional backgrounds, i.e. it satisfies the linearized Einstein equations in the
presence of matter. We furthermore verify that the effective metric can be considered
as a nonlinear massless spin-2 field. This result, which is independent of the remaining
parameters of the theory, implies that around proportional backgrounds differences from
general relativity occur only at the nonlinear level.
The paper is organized as follows. In section 2 we review the structure of ghost-free
bimetric theory and its coupling to matter through the effective metric. The equations of
motion for this theory are obtained in section 3. In section 4 we derive the proportional
background solutions and the quadratic action of perturbations around them. Finally, our
results are discussed in section 5. Some technical details are provided in the appendix.
2 Review of bimetric theory and its coupling to matter
In this paper we will work with the action for interacting rank-two tensors gµν and fµν that
couple to matter through an effective metric Gµν which is a combination of the two and will
be defined below. The full action is of the form,
S = Sbi + Sm , (2.1)
where Sbi involves the kinetic and interaction terms for gµν and fµν ,
Sbi =
∫
d4x
[
m2g
√
g R(g) +m2f
√
f R(f)− V (g, f)
]
, (2.2)
and Sm describes the coupling of matter fields φ
a to the effective metric Gµν . This coupling
is assumed to have a standard form as in general relativity,1
Sm =
∫
d4x Lm(G,φa) . (2.3)
The metrics in (2.2) possess standard Einstein-Hilbert kinetic terms, multiplied by Planck
massesmg andmf setting the respective interaction strengths. In order to avoid the Boulware-
Deser ghost instability that plagues generic bimetric theories, the interaction potential V (g, f)
1For instance, the coupling for a free scalar field would be of the form Lm(G,φ) =
√
GGµν∂µφ ∂νφ.
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in (2.2) is taken to be of the form [2, 4],
V (g, f) = 2µ4
√
g
4∑
n=0
βnen
(√
g−1f
)
. (2.4)
Here, µ is an arbitrary mass scale, βn are the interaction parameters and en
(√
g−1f
)
denote
the elementary symmetric polynomials of the square-root matrix2
√
g−1f defined through(√
g−1f
)2
= g−1f . The explicit expressions for the en(S) as functions of any matrix S can
be obtained from the following recursion formula,
en(S) =
1
n
n−1∑
k=0
(−1)k+n+1Tr(Sn−k)ek(S) , e0(S) = 1 . (2.5)
Due to the identity
√
g en
(√
g−1f
)
=
√
f e4−n
(√
f−1g
)
, the structure of the potential (2.4) is
symmetric with respect to the two metrics gµν and fµν . That is to say that interchanging the
metrics in Sbi results in an action which is of the same form but with redefined parameters.
The form of the effective metric Gµν that enters the matter coupling (2.3) has first been
proposed in [24] and further studied in [28]. It reads,
Gµν = a
2gµν + 2ab gµρ
(√
g−1f
)ρ
ν
+ b2fµν , (2.6)
in which a and b are arbitrary constants.3 Note that due to the matrix identity g
√
g−1f =
f
√
f−1g, also the structure of the effective metric is symmetric with respect to gµν and fµν ,
in the sense that interchanging the metrics in Gµν does not change its form but only redefines
the parameters a and b.
An interesting property of the above matter coupling that has already been observed
in [24] is that any vacuum contribution coming from the matter sector can be absorbed into
the bimetric potential by rescaling the βn parameters. This can be seen by considering a
contribution of the form Lvacm = µ2
√
GΛ with constant Λ which becomes,
Lvacm = µ2
√
GΛ = µ2Λa4
√
g det
(
1+ ba
√
g−1f
)
= µ2Λa4
√
g
4∑
n=0
(
b
a
)n
en
(√
g−1f
)
. (2.7)
These terms can be shifted into the interaction potential (2.4) which afterwards contains
new parameters β′n = βn − Λa
4
2µ2
(
b
a
)n
. This degeneracy will allow us to be fully general when
considering matter sectors without vacuum energy.
2Starting from the above metric formulation, one can derive an explicit condition for the existence of the
square-root matrix in terms of ADM variables, yielding a bound on a combination of metric components
and their spatial vierbeins [28]. This bound turns out to be equivalent to a condition under which a certain
combination of vierbeins for the two metrics is symmetrizable by a local Lorentz transformation [29].
3A generalization of the effective metric in terms of vielbeins for theories involving more than two interacting
spin-2 fields has been proposed in [30]. For cosmological solutions in a theory with multiple vielbeins coupled
to matter, see [31].
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We are interested in deriving the equations of motion following from the complete ac-
tion (2.1). The variations of the bimetric part Sbi with respect to gµν and fµν are well-known,
4
1√
g
δSbi
δgµν
= m2gGµν(g) + µ4
3∑
n=0
(−1)nβnY (n)µν ,
1√
f
δSbi
δfµν
= m2fGµν(f) + µ4
3∑
n=0
(−1)nβ4−nYˆ (n)µν , (2.8)
where Gµν(g) = Rµν(g) − 12gµνR(g) denotes the Einstein tensor and the variation of the
potential gives rise to the following matrix functions,
Y (n)µν = gµρ
n∑
k=0
(−1)kek
(√
g−1f
) ((√
g−1f
)n−k)ρ
ν
,
Yˆ (n)µν = fµρ
n∑
k=0
(−1)kek
(√
f−1g
) ((√
f−1g
)n−k)ρ
ν
. (2.9)
The variation of the matter coupling with respect to gµν and fµν is difficult to compute due
to the appearance of the square-root matrix
√
g−1f in the effective metric (2.6). Varying the
square-root in the potential is much simpler because its powers appear only under the trace
in the elementary symmetric polynomials. In the matter coupling, however, it multiplies the
stress-energy tensor of the matter fields and in order to compute the variation of Sm one needs
to know the variation of the square root
√
g−1f with respect to gµν and fµν . In principle, this
variation can be obtained explicitly but the resulting expressions are expected to be lengthy
and difficult to handle.
The situation is simplified when one of the parameters a and b in the effective metric (2.6)
is set to zero, in which case the square-root drops out of the coupling and only one of the two
metrics gµν and fµν interacts with matter. This model, however, is rather restrictive and, for
instance, does not allow for proportional solutions for the metrics [22].
The goal of this work is to overcome the aforementioned difficulties and derive the equa-
tions of motions for the more general matter coupling of Gµν with arbitrary a and b.
3 Derivation of the equations of motion
In this section we derive the equations of motion following from the full action (2.1). We
start by explaining the general procedure which we employ in order to simplify the variation
of the matter coupling.
4Here and in the following, tensors with upper indices are the inverses of the corresponding lower-index
objects. We do not use any of the metrics to raise indices.
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3.1 An alternative set of equations
As outlined in the previous section, bimetric theory is formulated in terms of the independent
variables gµν and fµν which possess standard Einstein-Hilbert kinetic terms. The equations
obtained from varying the action (2.1) with respect to these fields are,
δSbi
δgµν
∣∣∣∣
f
+
δSm
δgµν
∣∣∣∣
f
= 0 ,
δSbi
δfµν
∣∣∣∣
g
+
δSm
δfµν
∣∣∣∣
g
= 0 . (3.1)
Here, |g means that the variation is taken with gµν kept fixed. Varying the bimetric action
Sbi results in the known expressions given in (2.8). On the other hand, the matter coupling
involves the combination,
Fµν ≡ gµρ(
√
g−1f)ρν , (3.2)
which complicates the derivation of the equation of motion for the theory including matter
because the variation of the square-root matrix requires a lengthy computation.
Our strategy here will be to derive the equations without having to vary the square-root
matrix. To this end, we first rewrite the variation of the matter coupling as,
δSm(g, f)
δgµν
∣∣∣∣
f
=
δSm(g(F, f), f)
δFαβ
∣∣∣∣
f
Fαβ
δgµν
∣∣∣∣
f
, (3.3)
where on the right-hand side gµν in Sm is replaced by,
gµν(F, f) = Fµρf
ρσFσν , (3.4)
and |f means that the variation is taken with fµν kept fixed. The last identity follows from,
Ff−1F = g
√
g−1f f−1g
√
g−1f = g
√
g−1f
√
f−1g
√
f−1g
√
g−1f = g , (3.5)
which we have written in matrix notation and where we have used that the inverse5 of the
square-root matrix is
(√
g−1f
)−1
=
√
f−1g . Moreover, equation (3.3) is an identity because,
after the replacement, gµν appears in Sm only through the combination Fµν in (3.2). As we
will see in the next subsection, the variation of the matter action Sm(g(F, f), f) with respect
to Fµν is straightforward. The problematic term is the Jacobian
Fαβ
δgµν
∣∣∣
f
whose evaluation
requires varying the square-root matrix. Of course, one can do the same for the fµν variation,
use an identity similar to the one in (3.5) and replace,
fµν(F, g) = Fµρg
ρσFσν , (3.6)
in the matter coupling. Then the variation of Sm with respect to fµν may be rewritten as ,
δSm(g, f)
δfµν
∣∣∣∣
g
=
δSm(g, f(F, g))
δFαβ
∣∣∣∣
g
δFαβ
δfµν
∣∣∣∣
g
. (3.7)
5The inverse of the square-root matrix can easily be derived as follows: For two matrices S and X, the
relation S =
√
X implies S2 = X from which it follows that S−2 = X−1 which finally gives S−1 =
√
X−1.
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Again this is an identity because, after the above replacement, fµν appears in Sm only through
the combination Fµν in (3.2). At first sight, the way in which we write the variations in
equations (3.3) and (3.7) may seem slightly unfamiliar, although it is straightforward to see
that their validity is simply a consequence of the chain rule for taking derivatives. In order
to illustrate this further, we provide a simplified example for the identities in appendix A.
The full equations of motion, obtained from varying the action (2.1) with respect to the
two metrics, are thus of the following form,
δSbi
δgµν
∣∣∣∣
f
+
δSm(g(F, f), f)
δFαβ
∣∣∣∣
f
δFαβ
δgµν
∣∣∣∣
f
= 0 ,
δSbi
δfµν
∣∣∣∣
g
+
δSm(g, f(F, g))
δFαβ
∣∣∣∣
g
Fαβ
δfµν
∣∣∣∣
g
= 0 . (3.8)
The problem is that we cannot derive the explicit expressions for these equations without
knowing the variations of Fαβ with respect to f
µν and gµν . On the other hand, we now
observe that it is easy to derive the expressions of the inverse Jacobians δf
µν
δFαβ
∣∣∣
g
and δg
µν
δFαβ
∣∣∣
f
from (3.6) and (3.4), respectively. In particular, this calculation does not involve varying a
square-root matrix. Furthermore, by definition, the inverse Jacobians satisfy,
δfµν
δFαβ
∣∣∣∣
g
δFρσ
δfµν
∣∣∣∣
g
= 12
(
δαρ δ
β
σ + δ
α
σ δ
β
ρ
)
,
δgµν
δFαβ
∣∣∣∣
f
δFρσ
δgµν
∣∣∣∣
f
= 12
(
δαρ δ
β
σ + δ
α
σ δ
β
ρ
)
. (3.9)
Contracting (3.8) with δg
µν
δFαβ
∣∣∣
f
and δf
µν
δFαβ
∣∣∣
g
, respectively, therefore allows us to remove the
variations of the square-root matrix. The result is,
δgµν
δFαβ
∣∣∣∣
f
δSbi
δgµν
∣∣∣∣
f
+
δSm(g(F, f), f)
δFαβ
∣∣∣∣
f
= 0 ,
δfµν
δFαβ
∣∣∣∣
g
δSbi
δfµν
∣∣∣∣
g
+
δSm(g, f(F, g))
δFαβ
∣∣∣∣
g
= 0 , (3.10)
in which all expressions can now be computed straightforwardly.
Before coming to this calculation, let us make one short remark. The Jacobian factors
δgµν
δFαβ
∣∣∣
f
and δf
µν
δFαβ
∣∣∣
g
are computed in appendix B and from the results it may not be entirely
obvious that they are invertible.6 If they were not, then the equations in (3.10) could in
principle allow for solutions on which the variations of Fαβ with respect to f
µν and gµν become
singular and which therefore do not solve the original equations. However, the fact that the
functional relations in (3.2) can generically be inverted to give (3.4) and (3.6) ensures the
invertibility of the respective Jacobians. Hence, except for very peculiar cases in which (3.2)
cannot be solved for gµν or fµν , the equations in (3.10) possess the same solutions as the
original gµν and fµν equations and the two sets can be regarded as equivalent.
6Inverting the Jacobians explicitly is equivalent to computing the square-root variation. It is precisely
the contraction of the equations with the Jacobian factors that significantly simplifies the expressions for the
variations of the square-root matrix.
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As we shall see later, for the purpose of this work we do not need to worry about obtaining
additional solutions because on the ansatz we make for the metrics, the Jacobians are explicitly
invertible and the equations in (3.10) are definitely equivalent to the original gµν and fµν
equations.
3.2 Varying the matter coupling
We are now going to derive the contributions from the matter coupling which appear in the
equations of motion (3.10). The matter action Sm depends on the metrics gµν and fµν (and
thus also on Fµν) only through the composite metric Gµν . Its variations with respect to Fµν
can therefore be written as,
δSm(g(F, f), f)
δFαβ
∣∣∣∣
f
=
δSm
δGαβ
δGαβ(g(F, f), f)
δFµν
∣∣∣∣
f
,
δSm(g, f(F, g))
δFαβ
∣∣∣∣
g
=
δSm
δGαβ
δGαβ(g, f(F, g))
δFµν
∣∣∣∣
g
, (3.11)
where Gµν with upper indices is the inverse of Gµν and, of course, all matter fields are held
fixed when varying Sm. The variation of Sm with respect to G
µν depends on the matter
content of the theory. Since we do not make any assumptions on the matter sector here, we
do not evaluate δSmδGµν further. Its form will be exactly as in general relativity, with the usual
metric gµν replaced by the effective metric Gµν .
7
When gµν is replaced by (3.4), the effective metric (2.6) that couples to matter becomes,
Gµν(g(F, f), f) = b
2fµν + 2abFµν + a
2Fµρf
ρσFσν . (3.12)
Similarly, replacing fµν by (3.6) gives,
Gµν(g, f(F, g)) = a
2gµν + 2abFµν + b
2Fµρg
ρσFσν . (3.13)
These expressions can now easily be varied with respect to Fµν . We only present the result
here; the calculations are performed in appendix B. Inserting (B.6) and (B.7) into (3.11), the
variations of the matter coupling are obtained as,
δSm
δFµν
=
δSm
δGαβ
δGαβ
δFµν
∣∣∣∣
f
= − δSm
δGαβ
(
2ab δµρ δ
ν
σ + a
2fµλFλσδ
ν
ρ + a
2f νλFλσδ
µ
ρ
)
GαρGβσ ,
δSm
δFµν
=
δSm
δGαβ
δGαβ
δFµν
∣∣∣∣
g
= − δSm
δGαβ
(
2ab δµρ δ
ν
σ + b
2gµλFλσδ
ν
ρ + b
2gνλFλσδ
µ
ρ
)
GαρGβσ . (3.14)
The expressions on the right-hand side become functions of gµν and fµν alone once one
replaces Fµν by (3.2) and the effective metric Gµν using (2.6).
7For some applications it may be useful to define the stress-energy tensor for the matter source with
respect to the effective metric, Tµν = − 1√
G
δSm
δGµν
. For instance, in the cosmological context, where one makes
homogeneous and isotropic ansa¨tze for the metrics, this assumes the form of a perfect fluid.
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3.3 Complete equations
We now combine the results found in the previous subsections to obtain the equations of
motion for bimetric theory including its coupling to matter. The expressions for the Jacobian
factors δg
µν
δFαβ
∣∣∣
f
and δf
µν
δFαβ
∣∣∣
g
are derived in (B.2) and (B.4). Inserting these together with (2.8)
and (3.14) into the equations of motion in (3.10), we find,
0 =
√
g
[
m2gGρσ(g) + µ4
3∑
n=0
(−1)nβnY (n)ρσ
]
(F ρµgσν + F ρνgσµ)
+
(
2ab δµρ δ
ν
σ + a
2fµλFλσδ
ν
ρ + a
2f νλFλσδ
µ
ρ
)
GαρGβσ
δSm
δGαβ
,
0 =
√
f
[
m2fGρσ(f) + µ4
3∑
n=0
(−1)nβ4−nYˆ (n)ρσ
]
(F ρµfσν + F ρνfσµ)
+
(
2ab δµρ δ
ν
σ + b
2gνλFλσδ
µ
ρ + b
2gµλFλσδ
ν
ρ
)
GαρGβσ
δSm
δGαβ
. (3.15)
As usual, Fµν with upper indices denotes the inverse of Fµν . The final result can easily be
expressed in terms of the original variables by making the replacements Fµν = gµρ(
√
g−1f)ρν
and Gµν = a
2gµν+2abgµρ(
√
g−1f)ρν+b
2fµν . Alternatively, one could also regard fµν and Gµν
as functions of gµν and Fµν , given through (3.6) and (3.13), respectively. In this case, when
solving the equations, one would make ansa¨tze for gµν and Fµν instead of the original metrics.
While this choice has the advantage of avoiding the square-root matrix, the first option may
be preferable because it simplifies the structure of the kinetic terms. For ansa¨tze that allow
a straightforward evaluation of the square-root matrix (e.g. for diagonal metrics), expressing
the equations in terms of gµν and fµν is definitely the better strategy.
Taking a = 1 and b = 0, one recovers the well-known bimetric equations with only
gµν coupled to matter. This can be verified straightforwardly by observing that the matter
coupling drops out of the second equation in (3.15), which then becomes the bimetric fµν
equation contracted with the (invertible) operator (F ρµfσν + F ρνfσµ). Moreover, in this
case we have Gµν = gµν and the first equation in (3.15) becomes the bimetric gµν equation
including matter and contracted with (F ρµgσν + F ρνgσµ). Of course, in a similar manner,
one can also rearrive at the bimetric equations with only fµν coupled to matter by setting
a = 0 and b = 1.
4 Proportional backgrounds and their perturbations
Proportional background solutions and the spectrum of fluctuation around them for bimetric
theory in vacuum have already been studied in detail [22]. We will briefly review the results
of this analysis before proceeding to the full theory including the matter coupling.
4.1 Bimetric theory in vacuum
In the absence of matter, the equations of motion for bimetric theory are given by the van-
ishing of (2.8). In order to find proportional solutions for the two metrics, we make an ansatz
– 9 –
f¯µν = c
2g¯µν with arbitrary constant c to be determined by the equations. On this ansatz, the
matrix functions Y
(n)
µν and Yˆ
(n)
µν in (2.8) that are obtained from varying the interaction poten-
tial become proportional to the metric g¯µν since g
−1f becomes proportional to the identity
matrix. As a consequence, the bimetric equations reduce to two copies of Einstein’s equations
for the metric g¯µν ,
Gµν(g¯) + Λg g¯µν = 0 , Gµν(g¯) + Λf g¯µν = 0 , (4.1)
where the cosmological constants are functions of the proportionality constant c as well as
the parameters in the bimetric action,
Λg =
µ4
m2g
(β0 + 3cβ1 + 3c
2β2 + c
3β3) , Λf =
µ4
c2m2f
(cβ1 + 3c
2β2 + 3c
3β3 + c
4β4) . (4.2)
Consistency of the two equations in (4.1) requires Λg = Λf , which determines c in terms
of the bimetric parameters.8 The solutions for both gµν and fµν are maximally symmetric
Einstein metrics with cosmological constant Λg.
Equivalently, we could have derived the above solutions from (3.15) in which the matter
source is set to zero. On the proportional ansatz, the Jacobians in (3.10) both become
proportional to (g¯ρµg¯σν + g¯ρν g¯σµ). The equations can then be contracted with g¯µαg¯νβ which
reduces them to (4.1). This explicitly verifies that, for the proportional ansatz, no additional
solutions are introduced by solving the new instead of the original equations.
Depending on the choice of βn parameters, non-proportional maximally symmetric solu-
tions may also exist [35, 36], but the proportional backgrounds are the only solutions that
allow the fluctuations of the metrics to be diagonalized into spin-2 mass eigenstates [22].
The spectrum around proportional backgrounds consists of one massless and one massive
perturbation that are linear superpositions of the metric fluctuations δgµν and δfµν ,
δGµν = NG
(
δgµν + α
2δfµν
)
, δMµν = NM
(
δfµν − c2δgµν
)
, (4.3)
where NG and NM are constants that may be fixed to canonically normalize the kinetic terms
and α = mf/mg. The equations for these fluctuations are obtained from linearizing (2.8) in
δgµν and δfµν and building linear combinations of the equations. Alternatively, one can derive
them from (3.15) in which the matter source is set to zero. The result reads [22],
Eρσµν δGρσ − Λg
(
δGµν − 12 g¯µν g¯ρσδGρσ
)
= 0 , (4.4a)
Eρσµν δMρσ − Λg
(
δMµν − 12 g¯µν g¯ρσδMρσ
)
+
m2
FP
2 (δMµν − g¯µν g¯ρσδMρσ) = 0 , (4.4b)
where the kinetic structure is given by the linearized Einstein operator,
Eρσµν δGρσ = −12
(
δρµδ
σ
ν ∇¯2 + g¯ρσ∇¯µ∇¯ν − δρµ∇¯σ∇¯ν − δρν∇¯σ∇¯µ
− g¯µν g¯ρσ∇¯2 + g¯µν∇¯ρ∇¯σ
)
δGρσ . (4.5)
8An exception to this is the special parameter choice α4β0 = 3α
2β2 = β4, β1 = β3 = 0, which has been
suggested as a model for nonlinear partial masslessness [32–34].
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and the Fierz-Pauli mass of the massive fluctuation is,
m2FP ≡
µ4
m2g
(
1 + α−2c−2
) (
cβ1 + 2c
2β2 + c
3β3
)
, α ≡ mf/mg . (4.6)
It is worth emphasizing that the proportional background solutions for bimetric theory in
vacuum exist for general values of the parameters in the bimetric action.9 The situation will
change when matter is introduced.
4.2 Including matter
Next we would like to invoke the equations of motion obtained in the previous section to
re-derive the proportional background solutions and their perturbation spectrum for bimetric
theory including the new coupling of the effective metric Gµν to matter. Before doing so, we
briefly comment on the notion of mass in the presence of matter sources.
4.2.1 Mass eigenstates in the presence of matter
Clearly, the bimetric equations including matter sources will no longer admit backgrounds
around which the notion of mass is well-defined, i.e. those that solve Einstein’s equations in
vacuum. Nevertheless, here we will introduce a notion of spin-2 mass as an analogy to general
relativity. In general, such a definition can only make sense for backgrounds around which the
spectrum of fluctuations can be diagonalized in terms of spin-2 fields (i.e. without breaking
covariance). As in bimetric theory in vacuum, these are the proportional backgrounds which
happen to coincide with solutions to Einstein’s equations including matter sources. Around
such backgrounds we define the notion of mass as follows: We call a perturbation “massless”
if it satisfies the linearized Einstein equations of general relativity in the presence of matter.
If its equation in addition contains a Fierz-Pauli mass term, the perturbation is referred to as
“massive”. According to this definition, a linear equation for the massless spin-2 fluctuation
is degenerate with linearized general relativity whereas the equation for the massive field is
the same as in linearized massive gravity.
Below we will encounter one important difference to bimetric theory in vacuum: Pro-
portional backgrounds (and hence backgrounds for which our notion of mass makes sense)
do not exist for all parameter values. This means that for general choices of parameters in
the bimetric action, the notion of spin-2 mass eigenstates does not exist. On the other hand,
since proportional backgrounds are degenerate with solutions to Einstein’s equations, they
are favoured by observations which confirm general relativity to a high level of precision.
Fixing the parameters such that the theory admits solutions which are compatible with data
is physically well-motivated and hence requiring the existence of proportional backgrounds is
a good starting point for studying differences between bimetric theory and general relativity
in perturbation theory. Our aim here is to show that, once this parameter choice has been
9This holds provided that the condition Λg = Λf allows for a valid solution for c. Some solutions for c
can be problematic, for example, if they lead to a value for the Fierz-Pauli mass that satisfies m2FP <
2
3
Λg ,
violating the Higuchi bound [37].
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made to ensure the compatibility of bimetric theory with observations at the background
level, also the linear fluctuation equations will be the same as in general relativity because
only the “massless” mode interacts with matter.
4.2.2 Background
As before, we make the ansatz f¯µν = c
2g¯µν with arbitrary constant c to be determined by the
equations.10 On this ansatz, we have,
Fµν = g¯µρ
(√
g¯−1f¯
)ρ
ν
= c g¯µν , (4.7)
and the effective metric reduces to,
G¯µν = a
2g¯µν + 2ab g¯µρ
(√
g¯−1f¯
)ρ
ν
+ b2f¯µν = (a+ bc)
2g¯µν . (4.8)
Note that we have to demand a 6= −bc in order to ensure G¯µν 6= 0. As already discussed
for bimetric theory in vacuum, the Jacobian factors in (3.10) become manifestly invertible on
the proportional ansatz. Hence, deriving the proportional solutions from (3.15) is equivalent
to obtaining them from the original gµν and fµν equations. Evaluated on the ansatz, the
equations of motion in (3.15) become,
0 = 2c−1m2g
[
Gµν(g¯) + Λgg¯µν
]
+ 2(ab+ a2c−1)
1√
G¯
δLm
δGµν
∣∣∣∣
G=G¯
,
0 = 2cα2m2g
[
Gµν(g¯) + Λf g¯µν
]
+ 2(ab+ b2c)
1√
G¯
δLm
δGµν
∣∣∣∣
G=G¯
, (4.9)
where again α = mf/mg. Since any vacuum energy contribution coming from Lm can be
absorbed into the interaction parameters of the bimetric potential (see equation (2.7)) we
can assume without loss of generality that Lm contains no vacuum energy. Then, consistency
among the above equations requires that the relative factors between the curvature, the
vacuum and the matter contributions are the same in both sets of equations. This means
that for the existence of proportional backgrounds we must have,
c−1
ab+ a2c−1
=
cα2
ab+ b2c
Λg = Λf . (4.10)
The first of these can be simplified such that we arrive at,
b
a
= cα2 Λg = Λf . (4.11)
Our ansatz only contains one free parameter c whose value will be determined by one of
the two conditions. The other condition will in general not be satisfied by the theory. This
10In the absence of matter, a conformal ansatz f¯µν = c(x)
2g¯µν reduces to the c =const. case due to the
Bianchi constraint. When the effective metric couples to matter, this is no longer obvious and here we restrict
ourselves to constant c in the ansatz.
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means that for general parameters in the action proportional background solutions do not
exist; their existence requires fixing one parameter of the theory. Since Λg = Λf is the
condition that determines c in the absence of matter, it is most intuitive to think of this
condition as determining c also in this case. The solutions for the proportionality constant
of the backgrounds are thus the same as in vacuum and c becomes a function of the βn
parameters, corresponding to the roots of the fourth-order polynomial equation Λg = Λf .
Now the second equation, ba = α
2c, requires fixing one of the parameters a, b, mg or mf .
11 As
a consequence, the effective metric will depend on the βn in a rather complicated way. This
means that the relative strength with which the two metrics gµν and fµν couple to matter is
no longer a free parameter but gets related to a combination of interaction parameters.
Observe that the above results confirm the well-known fact that proportional solutions
do not exist when only one of the two metrics, gµν or fµν , is coupled to matter. In this case
we have a = 0 or b = 0, respectively, and the condition ba = α
2c cannot be satisfied.
Once the conditions (4.11) are met, the equations in (4.9) reduce to two copies of the
same Einstein equation for the metric G¯µν = a
2(1 + α2c2)2g¯µν which reads,
Gµν(G¯) + ΛGG¯µν = 1
M2P
T¯µν , (4.12)
where we have used,
ΛG =
Λg
a2(1 + α2c2)2
, M2P =
m2g
a2(1 + α2c2)
, T¯µν = − 1√
G¯
δLm
δGµν
∣∣∣∣
G=G¯
. (4.13)
This shows that proportional backgrounds correspond to Einstein solutions for the metric
G¯µν with cosmological constant ΛG and effective Planck mass MP, which are functions of the
parameters in the action. The situation is very similar to bimetric theory in vacuum, except
that the existence of the proportional backgrounds now requires fixing one of the parameter
combinations b/a or mf/mg.
4.2.3 Linear perturbations
As a next step, we consider the perturbation equations around the proportional backgrounds.
Let c be determined by the condition Λg = Λf and let us assume that the condition
b
a = α
2c
is satisfied by fixing one of the parameters, say b, such that the proportional background
solutions with f¯µν = c
2g¯µν exist. The nonlinear expression for the effective metric becomes,
Gµν = a
2
(
gµν + 2α
2c gµρ
(√
g−1f
)ρ
ν
+ α4c2fµν
)
. (4.14)
11As in the case without matter sources, an exception is the particular parameter choice α4β0 = 3α
2β2 = β4,
β1 = β3 = 0, for which the equation Λg = Λf is automatically satisfied for any value of c. In this case, none
of the parameters a, b, mg or mf need to be fixed, but now the condition
b
a
= α2c instead determines c.
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Its perturbations around the proportional backgrounds can straightforwardly be computed,
using δ
√
g−1f = 12c(δf − c2δg),
δGµν = a
2
(
δgµν + 2α
2c2 δgµν + α
2
(
δfµν − c2δgµν
)
+ α4c2δfµν
)
= a2(1 + α2c2)
(
δgµν + α
2δfµν
)
. (4.15)
Remarkably, this is exactly the massless fluctuation (4.3) of bimetric theory in vacuum with
the normalization NG = a
2(1 + α2c2), which means that the effective metric that couples
to matter is massless around the proportional solutions according to our definition in sec-
tion 4.2.1. Since these are the only backgrounds that admit a clear definition of mass, the
perturbations of the field Gµν are massless whenever a notion of mass exists.
We now compute the full quadratic action for perturbations around proportional back-
grounds. First, we observe that at the quadratic level the matter coupling takes the form,
S(2)m =
∫
d4x δ(Gµν ) δ
(
δLm
δGµν
)
=
∫
d4x
√
G¯ G¯µρG¯νσδGρσδTµν , (4.16)
where δTµν = − 1√
G¯
δ
(
δLm
δGµν
)
and δ
(
δLm
δGµν
)
is the linearization of δLmδGµν . In order to derive the
quadratic action for the fluctuations on the bimetric side, we first note that (4.3) may be
reversed to give the perturbations of the original metrics in terms of the mass eigenstates,
δgµν =
1
1+α2c2
(
1
NG
δGµν − α2NM δMµν
)
, δfµν =
1
1+α2c2
(
c2
NG
δGµν +
1
NM
δMµν
)
. (4.17)
We use these expressions in the bimetric part of the quadratic action which can be most easily
computed in terms of δgµν and δfµν . After also including the above expression for the matter
coupling, we obtain,
S(2) = − m
2
g
N2G(1+α
2c2)
∫
d4x
√
g¯
(
δGµν E¯µνρσδGρσ + Λg δGµν g¯µρg¯νσδGρσ
)
+
∫
d4x
√
G¯ G¯µρG¯νσδGρσδTµν
− c
−2m2f
N2M (1+α
2c2)
∫
d4x
√
g¯
(
δMµν E¯µνρσδMρσ + Λg δMµν g¯µρg¯νσδMρσ
+
m2
FP
2 δMµν (g¯
µρg¯νσ − g¯µν g¯ρσδMρσ)
)
, (4.18)
where now the linearized Einstein operator reads,
E¯ρσµν δGρσ = −12
(
δρµδ
σ
ν ∇¯2 + g¯ρσ∇¯µ∇¯ν − δρµ∇¯σ∇¯ν − δρν∇¯σ∇¯µ
− g¯µν g¯ρσ∇¯2 + g¯µν∇¯ρ∇¯σ − g¯µνR¯ρσ + δρµδσν R¯
)
δGρσ , (4.19)
in which R¯µν is the background curvature of g¯µν . Note that the bimetric part of the quadratic
action is written with respect to the background metric g¯µν , while the matter coupling is more
naturally expressed in terms of G¯µν which differs from g¯µν by a constant scaling. In order to
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formulate the whole action with respect to the same background metric G¯µν that solves (4.12),
we replace,
g¯µν = a2(1 + α2c2)2G¯µν ,
√
g¯ = a−4(1 + α2c2)−4
√
G¯ ,
NG = a
2(1 + α2c2) , Λg = a
2(1 + α2c2)2ΛG ,
m2FP = a
2(1 + α2c2)2m¯2FP , m
2
g = a
2(1 + α2c2)M2P . (4.20)
Moreover, we choose to fix the normalization of the massive mode to NM = c
−1αNG, such
that we finally get,
S(2) = −M2P
∫
d4x
√
G¯
(
δGµν E˜µνρσδGρσ + ΛG δGµνG¯µρG¯νσδGρσ
)
+
∫
d4x
√
G¯ G¯µρG¯νσδGρσδTµν
−M2P
∫
d4x
√
G¯
(
δMµν E˜µνρσδMρσ + ΛG δMµνG¯µρG¯νσδMρσ
+
m¯2
FP
2 δMµν
(
G¯µρG¯νσ − G¯µνG¯ρσδMρσ
) )
, (4.21)
which is the quadratic action for a massless spin-2 field coupled to matter and a decoupled
massive Fierz-Pauli field. It is now formulated with respect to the background metric G¯µν .
In particular, E˜ρσµν is of the same form as in (4.19) but with g¯µν replaced by G¯µν , ΛG is the
cosmological constant and MP is the effective Planck mass for G¯µν as defined in (4.13). In
the new background metric, m¯FP is the Fierz-Pauli mass of the massive spin-2 mode. Varying
the action with respect to the massless fluctuation δGµν and the massive fluctuation δMµν ,
respectively, gives the following equations,
E˜ρσµν δGρσ + ΛGδGµν =
1
2M2P
δTµν ,
E˜ρσµν δMρσ + ΛGδMµν + m¯
2
FP
2
(
δMµν − G¯µνG¯ρσδMρσ
)
= 0 , (4.22)
in which we have lowered the indices with G¯µν . We conclude that matter only interacts with
the massless spin-2 field at the linear level, while the massive field is completely decoupled.
This shows that not only the proportional backgrounds but also the linear theory around
them is degenerate with general relativity.
4.3 The nonlinear massless field
In [22] an attempt was made to rewrite bimetric theory in terms of combinations of gµν and fµν
which can be interpreted as nonlinear mass eigenstates. The same reference also provided
conditions for classifying a nonlinear combination of gµν and fµν as “massless”. Since here
we have shown that the fluctuations of the effective metric Gµν that couples to matter are
massless, it now becomes interesting to check whether Gµν also satisfies the criteria for being
a nonlinear massless field. To this end, let us write Gµν as,
Gµν = gµρΦ
ρ
ν , Φ
ρ
ν = a
2
(
δρν + 2α
2c(
√
g−1f)ρν + α
4c2gρσfσν
)
, (4.23)
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where, to ensure the existence of proportional backgrounds, we have fixed b = aα2c. Its
fluctuations around these backgrounds then are of the form,
δGµν = NG(δgµν + α
2δfµν) , NG = a
2(1 + α2c2) . (4.24)
The criteria that a nonlinear massless field needs to satisfy now read [22] ,
N−1G Φ¯
µ
ν = (1 + α
2c2)δµν , N
−1
G
δΦµν
δ(
√
g−1f)ρσ
∣∣∣∣∣
f=c2g
= 2cα2δµρ δ
σ
ν , (4.25)
where Φ¯µν denotes the background value of Φ
µ
ν on the proportional solutions. For our Gµν
this is of the form,
Φ¯µν = a
2(1 + 2α2c+ α4c4)δµν = a
2(1 + α2c2)2δµν . (4.26)
Dividing this result by NG, we find that the first criterion in (4.25) is met. For the derivative
with respect to the square-root matrix, we obtain the following expression,
δΦµν
δ(
√
g−1f)ρσ
= a2
(
2α2cδµρ δ
σ
ν + α
4c2(
√
g−1f)µρδ
σ
ν + α
4c2(
√
g−1f)σνδ
µ
ρ
)
. (4.27)
On the proportional background, this reduces to,
δΦµν
δ(
√
g−1f)ρσ
∣∣∣∣∣
f=c2g
= 2cα2a2(1 + α2c2)δµρ δ
σ
ν , (4.28)
and division by NG verifies that also the second criterion is satisfied. We conclude that the
effective metric Gµν is a nonlinear massless field according to the classification in [22].
In the remainder of this section we outline the procedure of reformulating the theory in
terms of the nonlinear massless field. As a first observation, we note that the structure of the
bimetric interaction potential (2.4) does not change when it is rewritten in terms of Gµν and,
for instance, gµν . To see this, first use the definition of the effective metric to express
√
g−1f
in terms of Gµν and gµν . The result is, in matrix notation,
√
g−1f =
a
b
(
a−1
√
g−1G− 1
)
. (4.29)
Then we make use of the following identity of the elementary symmetric polynomials which
holds for any matrix S,
en(S − 1) =
n∑
k=0
(−1)n−k
(
4− k
n− k
)
ek(S) , (4.30)
to replace
√
g−1f in the bimetric interaction potential V (g, f). The result is,
V (g,G) = 2µ4
√
g
4∑
n=0
(a
b
)n
βn
n∑
k=0
(−1)n−k
(
4− k
n− k
)
a−kek
(√
g−1G
)
. (4.31)
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Interestingly, this has the the same structure as the potential in terms of gµν and fµν because
it can be written as,
V (g,G) = 2µ4
√
g
4∑
n=0
β′nen
(√
g−1G
)
, (4.32)
where the new parameters β′n are,
β′n =
4∑
m=n
(−1)m−n
(
4− n
m− n
)
am−n
bm
βm . (4.33)
Note that for the special parameter choice b/a = α2c, which allows for the existence of
proportional backgrounds solutions, the β′n depend on the original βn in a rather complicated
way through the solution for c. For instance, in the model with βn = 0 for n > 1, we get
β′n = 0 for n > 1 as well as β′0 = β0 − 4β1α2c and β′1 = β1aα2c , where c = − β06β1 ±
( β2
0
36β2
1
+ 1
3α2
)1/2
.
The expression for fµν in terms of gµν and Gµν also follows directly from the square
of (4.29),
fµν =
a2
b2
(
gµν − 2a−1gµρ
(√
g−1G
)ρ
ν
+ a−2Gµν
)
. (4.34)
Note that this has a structure similar to the expression for Gµν in terms of gµν and fµν . Of
course, it is also possible to obtain a similar expression for gµν . In order to express the entire
action in terms of Gµν and gµν , one can now plug (4.34) into the Einstein-Hilbert term for fµν
which will give a rather complicated kinetic structure K(g,G) for the fields Gµν and gµν . The
whole action is of the schematic form,
S(g,G) = m2g
∫
d4x
√
g R(g) +m2f
∫
d4x K(g,G) −
∫
d4x V (g,G) + Sm(G,φ
a) . (4.35)
The potential structure V (g,G) in (4.32) is the same as before and the matter coupling of
the massless field, Sm(G,φ
a) defined in (2.3), is as simple as in general relativity. Thus,
when deciding on the variables for formulating the theory, one has to choose between dealing
with the matrix square-root in the matter coupling or with a complicated structure in the
kinetic terms. In both formulations it is clearly expected that the theory differs from general
relativity at the nonlinear level.
The field gµν in (4.35) does not have massive fluctuations. In principle, one can now
also introduce a nonlinear massive field Mµν and rewrite the action entirely in terms of
nonlinear mass eigenstates Gµν and Mµν . In [22] one suggestion for the massive field was
Mµν = Fµν−cgµν , with c again being determined in terms of the bimetric parameters through
the equation Λg = Λf . Another possibility is Mµν = Gµρ(
√
g−1f)ρν − cGµν . However, the
usefulness of such an approach is questionable since this reformulation will lead to even more
complicate structures in the action. Note also that, although classically all formulations are
equivalent, it is possible that they will give rise to different quantum theories.
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5 Discussion
In this paper we have derived the equations of motion for ghost-free bimetric theory including
its coupling to matter through the effective metric Gµν . As a first application, we studied the
proportional background solutions, which correspond to Einstein metrics, along with their
perturbation spectrum.
The quadratic action and linear equations reveal that the fluctuations around propor-
tional backgrounds can be diagonalized into a free massive spin-2 field and a massless spin-2
mode that interacts with matter. At the linear level around backgrounds that admit a def-
inition of mass, the matter-gravity interaction is therefore exactly the same as in general
relativity. On the other hand, the nonlinear theory differs from general relativity because
the metric that couples to matter does not possess a standard kinetic term and interacts
nontrivially with the massive spin-2 field. The existence of proportional backgrounds requires
fixing one parameter in the bimetric action with matter coupling, but away from these back-
grounds, it is not possible to diagonalize the fluctuation spectrum and identify the massless
and massive spin-2 modes. As soon as this single condition on the parameters is imposed the
above is true for all choices for the remaining parameters in the action. No further tuning
is needed to achieve a decoupling of the massive spin-2 field from the matter sector. More-
over, this parameter choice for which the equations admit proportional background solutions
is physically well-motivated because these solutions are degerate with general relativity and
hence compatible with observations.
The Boulware-Deser ghost that re-enters bimetric theory above the effective field the-
ory cut-off when the effective metric is coupled to matter is expected to propagate around
general solution to the equations of motion derived in this work. However, the nature of
the proportional solutions is such that the ghost mode which is present in the full theory
does not get excited around these particular backgrounds. The same behaviour was found
for perturbations around FRW backgrounds in the massive gravity setup where one metric is
nondynamical [38].
We verified that the effective metric Gµν satisfies the criteria for a nonlinear combination
of gµν and fµν to be classified as “massless”. This suggests to think of the theory as a nonlinear
massless metric Gµν that interacts with matter and at the same time couples to a nonlinear
massive spin-2 field. In this context, an interesting problem to address in bimetric theory
with its effective matter coupling is the issue of dark matter. Since the nonlinear massive
spin-2 field interacts only with gravity but not directly with matter, it could provide a suitable
candidate for the yet unknown dark matter particle. This approach would be different from
the one recently taken in [39], where gµν and fµν were coupled to different types of matter and
the fµν matter sector was assumed to account for the dark matter content of the universe.
The fact that, at lowest order in perturbations, matter interacts only with the massless
fluctuation of the bimetric sector is expected to have interesting implications for the phe-
nomenology of the model. In particular, the linear theory around flat space avoids the vDVZ
discontinuity [40, 41] which leads to unacceptable predictions for observations when a mas-
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sive spin-2 field is coupled to matter. In linear massive gravity, where matter couples to a
massive spin-2 mode, avoiding the vDVZ discontinuity requires the presence of a Vainshtein
mechanism [42].
For the case b = 0 it is known that cosmological solutions can reproduce the expan-
sion history of the universe [43–46]. Moreover, cosmological perturbations for this parameter
choice and for the case where the metrics couple to different matter sources, have been stud-
ied in [47–54]. In [55], which appeared simultaneously with our work, it is shown that viable
cosmological backgrounds can also be obtained for the general case with b 6= 0. From our re-
sults here it follows that the proportional backgrounds are degenerate with general relativity
and therefore give rise to cosmological solutions that can easily be brought to agreement with
data by adjusting the bimetric parameters. Also the dynamics for the perturbations around
these solutions are the same as in general relativity and hence the linear cosmological pertur-
bation theory will be the same. In view of this degeneracy between the linear theory around
proportional Einstein backgrounds and linearized general relativity, it will be interesting to
study the behavior of perturbations around different backgrounds found in [55] that do not
admit the notion of mass but still give rise to a viable cosmology.
Acknowledgments: The author would like to thank Jonas Enander, Fawad Hassan, Edvard
Mo¨rtsell, Adam Solomon and Mikael von Strauss for numerous helpful discussions.
A Scalar example
Here we provide a simple example to illustrate the validity of the identities in (3.3) and (3.7).
Instead of the matter action Sm, which depends on the two metrics gµν and fµν , consider a
function f(x, y) of two scalars x and y. Suppose this function is of the form,
f(x, y) = x+ 2
√
xy + y , (A.1)
whose structure is similar to that of the effective metric (2.6) appearing in the matter action.
For scalars, the explicit derivatives with respect to x and y are easy to obtain,
∂f
∂x
∣∣∣∣
y
= 1 +
√
y√
x
,
∂f
∂y
∣∣∣∣
x
= 1 +
√
x√
y
. (A.2)
Alternatively, we can first make the replacement z ≡ √xy such that we have,
x(z, y) =
z2
y
, y(z, x) =
z2
x
. (A.3)
Plugging these into the function f(x, y) results in,
f(x(z, y), y) =
z2
y
+ 2z + y , f(x, y(z, x)) =
z2
x
+ 2z + x . (A.4)
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Now consider the variations,
∂f(x(z, y), y)
∂z
∣∣∣∣
y
∂z
∂x
∣∣∣∣
y
=
(
2z
y
+ 2
) √
y
2
√
x
,
∂f(x, y(z, x))
∂z
∣∣∣∣
x
∂z
∂y
∣∣∣∣
x
=
(
2z
x
+ 2
) √
x
2
√
y
. (A.5)
Reinserting z =
√
xy on the right-hand side, we arrive at,
∂f(x(z, y), y)
∂z
∣∣∣∣
y
∂z
∂x
∣∣∣∣
y
= 1 +
√
y√
x
,
∂f(x, y(z, x))
∂z
∣∣∣∣
x
∂z
∂y
∣∣∣∣
x
= 1 +
√
x√
y
. (A.6)
Comparison with (A.2) shows that we have verified the following identities,
∂f
∂x
∣∣∣∣
y
=
∂f(x(z, y), y)
∂z
∣∣∣∣
y
∂z
∂x
∣∣∣∣
y
,
∂f
∂y
∣∣∣∣
x
=
∂f(x, y(z, x))
∂z
∣∣∣∣
x
∂z
∂y
∣∣∣∣
x
. (A.7)
Although we do not compute the variation of the square-root matrix explicitly in this paper,
it should be clear from this simple example that equations (3.3) and (3.7) are indeed valid.
B Variations
Here we provide a few details on the computations of the equations for gµν and fµν in section 3.
In the following we will vary the expressions,
fµν(F, g) = Fµρg
ρσFσν , gµν(F, f) = Fµρf
ρσFσν ,
Gµν(g(F, f), f) = b
2fµν + 2abFµν + a
2Fµρf
ρσFσν ,
Gµν(g, f(F, g)) = a
2gµν + 2abFµν + b
2Fµρg
ρσFσν , (B.1)
with respect to Fµν . The variation of g
αβ with respect to Fµν at fixed fµν is,
δgαβ
δFµν
∣∣∣∣
f
=
δgρσ
δFµν
∣∣∣∣
f
δgαβ
δgρσ
= −1
2
δgρσ
δFµν
∣∣∣∣
f
(gαρgβσ + gασgβρ)
= −1
2
(
f νλFλσδ
µ
ρ + f
µλFλρδ
ν
σ
)(
gαρgβσ + gασgβρ
)
= −1
2
(
F νβgµα + F ναgµβ + Fµβgνα + Fµαgνβ
)
, (B.2)
where Fµν with upper indices is the inverse of Fµν and we have used that
f νλFλσg
σβ = f νλgλα
(√
g−1f
)α
σ
gσβ =
(√
f−1g
)ν
σ
gσβ = F νβ . (B.3)
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In turn, fαβ varied with respect to Fµν with gµν being fixed reads as,
δfαβ
δFµν
∣∣∣∣
g
=
δfρσ
δFµν
∣∣∣∣
g
δfαβ
δfρσ
= −1
2
δfρσ
δFµν
∣∣∣∣
g
(fαρfβσ + fασfβρ)
= −1
2
(
gνλFλσδ
µ
ρ + g
µλFλρδ
ν
σ
)(
fαρfβσ + fασfβρ
)
= −1
2
(
F νβfµα + F ναfµβ + Fµβf να + Fµαf νβ
)
, (B.4)
where again we have made use of (B.3). As a result, the equations of motions (3.10) assume
the form,
δgρσ
δFµν
∣∣∣∣
f
δS
δgρσ
∣∣∣∣
f
= (F ρµgσν + F ρνgσµ)
δS
δgρσ
∣∣∣∣
f
= 0 ,
δfρσ
δFµν
∣∣∣∣
g
δS
δfρσ
∣∣∣∣
g
= (F ρµfσν + F ρνfσµ)
δS
δfρσ
∣∣∣∣
g
= 0 . (B.5)
Varying Gαβ with respect to Fµν keeping fµν fixed gives,
δGαβ(g(F, f), f)
δFµν
∣∣∣∣
f
=
δGρσ
δFµν
∣∣∣∣
f
δGαβ
δGρσ
= −1
2
δGρσ
δFµν
∣∣∣∣
f
(GαρGβσ +GασGβρ)
= −1
2
(
2ab δµρ δ
ν
σ + a
2fµλFλσδ
ν
ρ + a
2f νλFλσδ
µ
ρ
)(
GαρGβσ +GασGβρ
)
. (B.6)
Finally, the variation of Gαβ with respect to Fµν at fixed gµν is,
δGαβ(g, f(F, g))
δFµν
∣∣∣∣
g
=
δGρσ
δFµν
∣∣∣∣
g
δGαβ
δGρσ
= −1
2
δGρσ
δFµν
∣∣∣∣
g
(GαρGβσ +GασGβρ)
= −1
2
(
2ab δµρ δ
ν
σ + b
2gµλFλσδ
ν
ρ + b
2gνλFλσδ
µ
ρ
)(
GαρGβσ +GασGβρ
)
. (B.7)
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